The limitations of three-dimensional semi-classical gravity are explored in the context of a conformally invariant theory for a self-interacting scalar field. The analysis of the theory's scaling behaviour reveals that scalar-loop effects contribute to the conformal anomaly only at advanced orders allowing for a range of relevant energy scales which extend to those comparable to the non-perturbative scale of Planck mass.
The validity of a semiclassical approach which differentiates between the significance of the gravitational and matter degrees of freedom in the context of second quantisation is an important issue in perturbative quantum gravity. The conventional approach to semiclassical gravity specified by a classical metric coupled to the quantised matter fields with the expectation value of the relevant stress tensor acting as a source to the Einstein equations is contingent upon the validity of the semiclassical expansion of the theory's generating functional. That loop expansion, in turn, depends on the energy scale of the problem [1] which can, itself, be determined from the character of the effective theory.
The latter is specified by the quantum state of the system and the location of maxima of the corresponding effective action. In effect, information about the energy scales relevant to the validity of the semiclassical expansion is contained in the renormalisation group behaviour of the effective theory. This letter addresses this issue in the case of a conformally invariant, self-interacting scalar field theory in curved three-dimensional spacetime. The perturbative renormalisation of this theory has been considered in a space of constant curvature [2] which allows for the exploitation of the fact that in three dimensions all divergences induced in the gravitational action by scalar vacuum effects can only be proportional to the scalar curvature and cosmological constant Λ.
The following analysis advances the renormalisation of the theory in the effective action and tackles the issue of the validity of the underlying semiclassical approximation by exploring the implications of the renormalisation group behaviour of the effective theory.
It is shown that the effective theory is characterised by the absence of any contribution to the conformal anomaly up to third order in the loop-counting parameterh. Scalar vacuum effects generate conformally non-invariant counterterms at orders no smaller than the fourth in the loop expansion and they, thereby, determine the range of energy scales relevant to the validity of the semi-classical expansion. As the curvature of spacetime is not expected to have an impact on the cut-off scale behaviour of the theory manifest in the leading divergences of the Green functions, its scaling behaviour toward the high-energy limit will be independent of the background geometry.
The spherical formulation of the dynamical behaviour of a self-interacting scalar field φ admitting a classical action which remains invariant under the conformal transformation [3] 
in a general n-dimensional Lorentzian spacetime, is attained on a Riemmanian manifold by specifying the background geometry to be that of positive constant curvature r embedded in a (n+1)-dimensional space. With the embedded sphere's surface element being dσ = r n dΩ n+1 and with the conformal scalar field Φ, specified on it, admitting the only possible self-interaction for a renormalisable theory at n = 3, the scalar action reduces to [2] I
The differential operator L ab is the generator of rotations on the surface of the ndimensional sphere. The scalar curvature R of the latter relates to the radius r through
This Riemannian manifold is characterised by spherical (n-1)-dimensional sections of constant Euclidean time τ . The gravitational component of the action functional for the Euclidean sphere's relevant segment M characterised by g µν and bounded by an (n-1)-dimensional hypersurface ∂M at n = 3 is
where an irrelevant parity violating Chern-Simons term has been omitted [2] . With h ij being the metric of the two-dimensional hypersurface of constant Euclidean time τ , the surface term involves the trace K of the extrinsic curvature K ij of the boundary two-sphere and the coefficient κ −2 has dimensions of mass. The assumption of spatial homogeneity for the scalar field Φ(x) = Φ(τ ) forces the additional surface term, effected on ∂M from the scalar action, to vanish.
The generating functional for this theory in a space of Euclidean signature is
with the Euclidean action functional at the dimensional limit n = 3 being the additive
where the brackets <> denote invariant integration over spacetime variables and the successive derivatives I (m) (m = 2, 3, ...) of the action functional are evaluated at
with
The exponentiated expression Γ[Φ (cl) ] whose perturbative expansion in terms ofh appears in (8) is necessarilly the renormalised effective action of the present semi-classical theory. Being the generating functional for proper vertices, it can be calculated perturbatively by summing over vacuum diagrams plus counterterms to any specific order [4] .
Such diagramatic summation to all orders amounts to expressing the effective action in terms of the standard "classical field". The (unrenormalised) contributions L (n) (Φ (cl) ) to each loop-order relate to the derivatives I (m) through functional integrations stemming from (5). (For instance, the one-loop effective action is expressed, through Gaussian inte-
which appear in the action contain the counterterms which will cancel identically against the divergences contained in L (n) successively inh. The perturbative evaluation of the effective action will be predicated, in what follows, on the use of dimensional regularisation [5] which manifests the divergences as poles at the dimensional limit of n = 3.
With minimal subtraction of the divergences and with ǫ = 3 − n the relevant 't Hooft expansions for the bare parameters are
The three-dimensional spherical formulation of this semi-classical theory allows for the perturbative evaluation of any Green function as an exact function of the positive constant R [2] . The pole structures contained in L (n) (Φ (cl) ) are essentially the sum total of contributions, arising perturbatively inh, from all connected diagrams. Demanding that Γ[Φ (cl) ] be finite as n → 3 fixes the pole structures and residues of the counterterms contained perturbatively in (8) to the values cited in [2] . Supplementing these results with their associated finite parts stemming from all irreducible diagrams up to order λ 3 the radiative contributions to the bare action translate successively to the following contributions in the loop expansion of the effective action
which is a direct consequence of the vanishing effect dimensional regularisation has on the massless tadpoles [6] ,
with its finite part at ǫ → 0 being 
with its finite part at ǫ → 0 being
withL (6) effected by the finite contributions arising at O(λ 4 ). Finally,
In all these expressions the remaining finite terms (F.T.) are µ-independent. In addition, multiplication of each loop-contribution, arising from any connected diagram, by that power of the renormalised scalar field Φ R which coincides with that diagram's number of external legs, is implied in the effective action. As is evident from (8) As discussed in the introduction, the validity of the semi-classical approach which retains the background geometry fixed at a classical configuration essentially depends on the energy scale of the problem and can be determined by the behaviour of the semi-classical effective action of the theory. For an n-dimensional local field theory the classical action has the asymptotic scaling invariance
under the conformal transformations (1) on q = (g µν (x), φ(x)). On the contrary, at the dimensional limit n covariantly regulated quantum corrections result in the anomalous scaling behaviour for the one-loop effective action [7] 
This scaling behaviour is, in effect, determined by the coefficient A 2 associated with the heat kernel of the conformal field Φ. The conformal anomaly is expressed by the volume density of A 2 . The validity of the corresponding semi-classical expansion of the functional integral is determined by the extent to which the value of A 2 [q] in the exponentiated effective action suppresses the contribution of higher orders in quantum gravity, stemming from the high-energy scales as Ω(x) → 0, to result in a convergent expression for the path integral. That perturbative expansion ceases to be reliable at distance-scales at which the functional integral Z[J = 0] does not admit such an expression. Consequently, the distance-limit beyond which the expansion breaks down is determined by the anomalous scaling behaviour of the one-loop effective action and signals the scale at which higher-order gravitational effects become important. The anomalous scaling is itself controlled, perturbatively, by the anomalous dimension manifest at that high-energy scale in the proper functions of the theory and resulting in the conformal anomaly, as is evident in (12). This analysis applies directly to the present three-dimensional case.
The effective theory is described by the renormalised effective action derived up to orderh 7 . Its behaviour under the conformal rescalings (1) toward the asymptotic limit of Ω → 0 contains information about the energy-scales relevant to the generation of conformally non-invariant quantum effects and, thereby, relevant to the limitations of the semi-classical expansion. The renormalisation program is indicative of the background geometry's irrelevance to the scaling behaviour of the theory toward the high-energy limit. For instance, the term in (9) which expresses the two-loop contribution to λ 0 is identical to that effected in the flat space-time formulation of the φ 6 scalar theory [2] , [9] .
This result is in conformity with intuitive expectation. The leading divergence inherent in a diagram, is a localised effect arising from the coincidence of all integration points and is, consequently, not expected to be affected by the radius of the background geometry.
The ensuing considerations have, for that matter, general validity in any space-time.
Despite the stated absence of those conformally non-invariant counterterms whichto order λ 3 -are associated with a divergence in the four-point function as well as with the Rφ 2 sector, the potential for conformal breaking as a result of the anomalous scaling has to be explored independently in the expansion of the effective action up to order
The latter is the highest loop-order associated with the diagrams relevant to order In light of these considerations, the renormalisation group behaviour of the present theory calls the semi-classical approximation into question at distance-scales at which the scalar-loop effects, responsible for the generation of conformally non-invariant counterterms, become significant. The fact that the validity of the expansion persists to high orders, suggests that the corresponding distance-scales are comparable to those of the Ω → 0 limit and that, consequently, non-trivial quantum gravitational effects enter at scales corresponding to hypersurfaces of vanishing two-geometry. Again, this result is independent of the background geometry. In the scalar case it could be conjectured, for that matter, that three-dimensional semi-classical gravity remains relevant at energyscales comparable to the Planck mass.
